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x represents the in-
tegration over all the transverse spacetime directions to
the direction of x
D
, the Roman index M runs from 0
to D, whereas the Greek index  runs from 0 to D   1.
The constants g;  respectively represent the strength of
the bulk and boundary couplings. As in the case of or-
dinary eld theories without boundaries, the canonical




































































































Therefore, the condition ÆS['] = 0 yields, for arbitrary




































on the spacetime hypersurface x
D
= 0,
and thus the naive canonical Poisson brackets
f'(x); '(y)g = f(x); (y)g = 0; (3)
f'(x); (y)g = Æ(x  y)
(where Æ(x   y) should be understood as Æ
(D)








)) do not hold consistently.
As mentioned earlier, the usual Dirac procedure does
not apply satisfactorily to the case of boundary con-
straints without discretizing the spacial coordinate with
boundary condition. Fortunately, since now the incon-
sistency only occur at the hypersurface x
D
= 0, we may
expect, following the principle of locality, that the mod-
ication to the naive Poisson brackets should be non-
trivial only on the same hypersurface. Moreover, since
there is no dependence on the canonical momentum in
the boundary condition, only f'(x); (y)g needs to be
modied. So, without loss of generality, we assume that
the correct f'(x); (y)g take the following form,
f'(x); (y)g = Æ(x  y) + B(y)Æ(x   (y)); (4)





are equal to 0, and B(y) is an operator
acting on the variable y which represents the eect of
boundary reection. In this article, we adopt a slightly









or, in terms of the standard denition for Æ-function, our
Æ(x
D





Now let us check what form should the operator B(y)
take in order that the new Poisson bracket (4) be con-
sistent. For this purpose we rst write the boundary



















Examining the Poisson bracket fG; (y)g (we only need






























































is to be regarded as a function






















The Poisson brackets (3,4) with the operator B(y) given
as (5) then form a consistent set of Poisson structure for
our boundary scalar eld theory. Noticing the fact that






The quantization of the above scalar eld with bound-
ary is still not an easy task because one still needs to
assign proper meaning to the operator ordering and op-
erator inverse appeared in the expression (5).
3Fortunately, there is a simple illuminating case in
which one does not need to worry about the above prob-
lem, i.e. the case of linear boundary conditions. In this








the boundary interaction becomes just a boundary mass
term. The boundary condition (2) then becomes
(@
D














In the rest of this article, we shall be considering the
scalar eld theory with this last boundary condition.
To quantize the theory with the boundary condition
(6), one only needs to quantize the corresponding free
theory, i.e. the Klein-Gordon eld with the boundary
(6) and then apply the standard perturbation theory to
introduce the eect of the quantized interaction term :
V (') : in the bulk.
Let us rst write down the classical solution to the mas-





























































































































. The (D + 1)-momentum k natu-






The canonical quantization for the Klein-Gordon eld
is now accomplished by replacing the Poisson bracket
f ; g by the equal-time commutator  i[ ; ],
['(x); '(y)] = [(x); (y)] = 0;
['(x); (y)] = i [Æ(x  y) + B(y)Æ(x   (y))] : (9)
Let us remind that two special well-known cases are
already contained in this simple illustration, namely,
the Neumann boundary condition (which corresponds to
 = 0 or B = 1) and Dirichlet boundary condition (for
which  =1 or B =  1). Our result (9) agrees with the
known result [1] on these two special cases. For generic
value of , the relation B( ik)B
y
( ik) = 1 gives a sim-
ple explanation to the condition jjBjj = 1 mentioned ear-
lier.
Now, going to the momentum space representation,
one simply replaces the momentum space coeÆcients
a(k); a


















































Using this last expression and (x) = @
0
'(x), one can



























 0. This is the Heisenberg type algebra
arisen in usual eld theory restricted to the half momen-
tum space k
D
 0. Therefore, we can use the Fock space
for ordinary Klein-Gordon eld with the same restriction
as the space of states for our theory. In particular, we
have the vacuum state j0i which is annihilated by a^(k)











Following the standard argument in quantum eld the-
ory (see, e.g. [15], we now can evaluate the propagator
D
(B)


















































where the integration with respect to k
0
is a contour inte-
gration over the complex k
0
-plane which runs from  1
below the real axis to k
0
= 0, crossing the real axis and
goes to +1 above the real axis. Substituting the de-






) into the last equation and
taking into account the relation (8), we get
D
(B)
(x; y) = D
F
























is the standard Feynman propagator inD+1 dimensions.
Notice that, following the standard discussion on the
causality properties of the Feynman propagator [15], we
would nd that the result (10) agrees perfectly with our
early postulation (1). The propagator (10) is then the
very basic object in the Feynman rules of perturbation
theory for the interacting boundary scalar eld theory
with generic interacting potential V (') in the bulk.
We may also evaluate the retarded Green's function
for the boundary Klein-Gordon eld as well. After some


































where the integration contour for k
0
is taken to be run-















(x; y) = Æ(x  y) + B(y)Æ(x   (y)):
Before nishing this article, let us make some more
comments on the commutation relation (9). Though by
denition we know that the quantities '(x); (x) live only
on the half space x
D
 0, we may, however, imagine to































running from  1 to
+1, we have, for the momentum space operators A(k)
and A
y




























These relations are the simplest case of the boundary
exchange algebra introduced in [7] and further explored
in [8].
So far, in this article, we considered the problem of
boundary Poisson structure for the case of a single scalar
eld theory with boundary interaction V
B
('). The fact
that the consistent Poisson bracket between '(x) and
(y) depends on the second variation of V
B
with respect
to ' makes the problem of canonical quantization in the
presence of boundary a diÆcult task for generic V
B
. For
linear boundary conditions, i.e. for V
B
at most quadratic
in ', the canonical quantization can be pursued with-
out diÆculties. Though we have obtained the consis-
tent Poisson structure for generic boundary interaction
V
B
depending only on the eld ', we did not include
more generalities, i.e. the cases in which V
B
depends
also on spacetime derivatives of the eld ', and the cases
in which there are more than one scalar elds and V
B
couples dierent components of the elds etc. It is also
tempting to study the case when the fundamental eld
is is group-valued, like the principal chiral model stud-
ied in [10]. The direct quantization for generic V
B
is
also a fascinating subject (some progress for the case of
sine-Gordon eld with integrable boundary condition has
already been made in [11, 12]).
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manuscript. This work is supported by the National Nat-
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